Abstract -We demonstrate numerically that armchair graphene nanoribbons can support vibrational localized states in the form of surface solitons. Such localized states appear through self-localization of the vibrational energy along the edge of the graphene nanoribbon, and they decay rapidly inside the structure. We find five types of such solitary waves including in-plane and out-of-plane edge breathers and moving envelope solitons.
Introduction. -Remarkable properties of graphite structures make their study one of the hot topics of nanoscience [1] . Graphene nanoribbons are effectively low-dimensional structures similar to carbon nanotubes, but their main feature is the presence of edges. Due to the edges, graphene nanoribbons can demonstrate many novel geometry-driven properties, depending on their width and helicity. A majority of the current studies of graphene nanoribbons are devoted to the analysis of their electronic and magnetic properties modified by the presence of edges, including the existence of the edge modes [2, 3] , which are an analog of surface states in the two-dimensional geometry.
In general, surface states are spatially localized modes which can be generated at the surfaces [4] , and such surface states have been studied in many branches of physics including electrons in crystals [5, 6] , surface phonons [7] , surface polaritons [8] , and optical surface modes in modulated waveguide arrays [9] . Vibrational surface modes localized at the edges of graphene nanoribbons [10] can be considered as a phonon analog of Tamm states which is well known in the electronic theory.
Edge phonon modes can be localized only in one direction, transversally to the ribbon length, while they remain propagating modes along the edges. However, taking into account anharmonicity may lead to the nonlinearityinduced localization of the vibrational energy along the edges, so that the vibrations become self-trapped in the second dimension creating both in-plane and out-of-plane (a) E-mail: asavin@center.chph.ras.ru surface solitons. Such solitons differ substantially from the twisting solitons found earlier for carbon nanotubes [11] , and they are supported by the edges.
The main aim of this letter is to study surface solitons of this type for the case of armchair nanoribbons. In particular, we find numerically five types of such solitary waves including in-plane and out-of-plane edge breathers and moving envelope solitons.
Model of graphene nanoribbons. -We mo del a graphene nanoribbon as a planar stripe of graphite, with properties depending on the stripe width and chirality. Here we consider the armchair nanoribbon (see fig. 1(a) ).
The structure of the armchair nanoribbon can be presented as a longitudinal repetition of the elementary cell composed of K atoms (the number K is a multiple of 4), as shown in fig. 1(a) . We use the atom numbering shown in fig. 1(a) . In this case, each carbon atom has a two-component index α =(n, k), where n =0, ±1, ±2,... stands for the number of the elementary cells, and k =1, 2,...,K stands for the number of atoms in the cell.
Each elementary cell of the armchair nanoribbon has four edge atoms. In fig. 1(a) , we show these edge atoms as filled circles. We consider a hydrogen-terminated nanoribbon, where edge atoms correspond to the molecular group CH. We consider such a group as a single effective particle at the location of the carbon atom. Therefore, in our model of graphene nanoribbons we take the mass of atoms inside the stripe as M 0 =12m p , and for the edge atoms we consider a larger mass M 1 =13m p (where m p =1.6603 · 10 −27 kg is the proton mass). To describe nanoribbon oscillations, we write the system Hamiltonian in the form,
where M α is the mass of the hydrogen atom with index α =(n, k) (for internal atoms we take M α = M 0 ,w h e r e a s for the edge atoms we take a larger mass,
is the radius-vector of the carbon atom with index α at moment t.T h et e r mP α describes the interaction of the atom with index α =(n, k) and its neighboring atoms. The potential depends on the variations of bond length, bond angles, and dihedral angles between the planes formed by three neighboring carbon atoms, and it can be written in the form
where Ω i ,withi =1, 2, 3, 4, 5, are the sets of configurations including up to nearest-neighbor interactions. Owing to a large redundancy, the sets only need to contain configurations of the atoms shown in fig. 1(b) , including their rotated and mirrored versions. The potential U 1 (u α , u β ) describes the deformation energy due to the direct interaction between pairs of atoms with indexes α and β, as shown in fig. 1(b) . The potential U 2 (u α , u β , u γ ) describes the deformation energy of the angle between the valence bonds u α u β and u β u γ .P o t e ntials U i (u α , u β , u γ , u δ ), i = 3, 4, 5, describes the deformation energy associated with a change of the effective angle between the planes u α , u β , u γ and u β , u γ , u δ .
We use the potentials employed in the modeling of the dynamics of large polymer macromolecules [12] [13] [14] [15] [16] for the valence bond coupling,
where ǫ 1 =4.9632 eV is the energy of the valence bond and ρ 0 =1.418Å is the equilibrium length of the bond; the potential of the valence angle
so that the equilibrium value of the angle is defined as cos ϕ 0 =cos(2π/3) = −1/2; the potential of the torsion angle
where the sign z i = 1 for the indices i =3, 4 (equilibrium value of the torsional angle φ 0 =0) and
The specific values of the parameters are
.3143 eV, and ǫ 3 =0.499 eV, and they are found from the frequency spectrum of small-amplitude oscillations of a sheet of graphite [11] . According to the results of ref. [17] the energy ǫ 4 is close to the energy ǫ 3 ,whereasǫ 5 ≪ ǫ 4 (|ǫ 5 /ǫ 4 | < 1/20). Therefore, in what follows we use the values ǫ 4 = ǫ 3 =0.499 eV and assume ǫ 5 = 0, the latter means that we omit the last term in the sum (2).
Dispersion curves. -In the equilibrium state, {u 0 (n,k) } +∞,K n=−∞,k=1 , all atoms are in the plane of the nanoribbon, so that all valence bonds have equilibrium length ρ = ρ 0 , and all angles between the bonds coincide, ϕ =2π/3. An armchair nanoribbon is characterized by longitudinal shift h x =3ρ 0 and width D y = √ 3(K/2 − 1)ρ 0 /2, where K is the number of atoms in the elementary cell.
N e x t ,w ei n t r o d u c e3 K-dimensional vector,
describing a shift of the atom of the n-th cell from its equilibrium position. Then, the nanoribbon Hamiltonian can be written in the following form:
where M is the diagonal matrix of masses of all atoms of the elementary cell. Hamiltonian (6) generates the following set of the equations of motion:
46001-p2 In the linear approximation, this system takes the form
where the matrix elements are defined as
and the matrix of the partial derivatives takes the form
Solutions of the system of linear equations (8) can be sought in the standard form
where A is the mode amplitude, e is the normalized dimensionless vector ((Me, e)/M 0 =1), q ∈ [0,π] is the dimensionless wave number, and ω is the phonon frequency. Substituting the expression (9) into the system (8), we obtain the eigenvalue problem
Therefore, in order to find the dispersion relations characterizing the modes of the nanoribbon for each fixed value of the wave number 0 q π, we need to find the eigenvalues of the Hermitian matrix (10) of order 3K × 3K. As a result, the dispersion curves are composed of 3K branches {ω j (q)} 3K j=1 . Two-thirds of the branches corresponds to the atom vibrations in the plane of the nanoribbon xy (in-plane vibrations), whereas only one-third corresponds to the vibrations orthogonal to the plane (outof-plane vibrations), when the atoms are shifted along the axes z. The spectrum of the nanoribbon oscillations occupies the frequency interval [0,ω m ], where the maximum frequency ω m = 1600 cm −1 . This value agrees well with the experimental data for a planar graphite [18, 19] . The lowfrequency part of the dispersion diagram is shown in fig. 2 . Complete dispersion curves for both armchair and zigzag nanoribbons can be found in ref. [10] .
Edge modes and surface solitons. -The solution of the eigenvalue problem (10) demonstrates that the nanoribbon can support vibrational modes localized at the edges, the so-called edge phonons. To find such surface modes, we should consider nanoribbons of a sufficiently large width, and we take a large number of atoms in the elementary cell, K = 120.
To analyze oscillations (9), we define the distribution function of the oscillatory energy in the elementary cell of the nanoribbon as follows:
where i =1, 2,...,K is the number of atoms in the cell, M i is the mass of the i-th atoms, e j is the component of the eigenvector e = {e j }
3K
j=1 . The energy distribution is normalized by the following condition:
We introduce the parameter characterizing the transverse energy localization in the nanoribbon as follows:
i . This parameter characterizes the inverse width of the energy localization in the elementary cell. If the vibrational mode is localized only on one atom (i.e. there exists an atom i 0 for which p i0 = 1), the inverse width is d = 1. In the opposite limit, when the vibrational energy is distributed equally on all atoms (p i ≡ 1/K), we have d = K, so that in a general case 1 d K.
To be more specific, we define the vibrational mode as being localized provided d<20. Our numerical analysis of the oscillatory eigenmodes shows that localization may occur only at the edges of the nanoribbon. In general, edge eigenmodes appear in the low-frequency part of the spectrum ω 300 cm −1 -see fig. 2 . Here, the edge modes originate from four dispersion curves. For q =0the nanoribbon has an edge mode with frequency 227 cm −1 (out-of-plane vibration), for q = π it has four edge modes with frequencies 102 and 150 (out-of-plane vibrations), and 236 and 268 cm −1 (in-plane vibrations). All these oscillations are mainly localized near the nanoribbon edges. The specific structure of the two edge oscillations in the graphene nanoribbon are shown in fig. 3 . A detailed analysis of the edge eigenmodes can be found in ref. [10] .
The surface oscillations described above are localized at the edges of the stripe, and they correspond to quasione-dimensional excitations of the nanoribbon. Therefore, similar to other types of nonlinear modes, we may expect that such surface mode may experience longitudinal localization with the formation of breather solitons. Such novel type of surface breathers exist due to the transverse energy localization in the surface state and the nonlinearityinduced longitudinal localization along the nanoribbon edge. To analyze the existence of static breather solitons, we consider a nanoribbon of fixed length N = 600 and periodic boundary conditions. To find spatially localized nonlinear states, we integrate numerically the system of equations (7) (1 n N ) with initial conditions corresponding to a localized state at the edge of the nanoribbon,
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where A n = A sech{μ[(n − N/2) + 1/2]}, with the parameter μ>0 characterizing the inverse width of the initial excitation, and the amplitude A>0. A complex unit 3M -dimensional vector e = e r + ie i , a solution of the linear equation (10), corresponds to an edge mode with wave numbers q ∈ [0,π] and frequency ω. For the system of equations (7), the ansatz (11) corresponds to the following initial conditions, The soliton frequency should split off from the edge of the phonon spectrum. Therefore, in the initial condition (12) we should take the frequency ω = ω(q) corresponding to the frequency of the edge mode at a given value of q.
By changing the values of the initial amplitude A and the inverse width μ, and analyzing the dynamics of the system (7) with the initial conditions (12), we may arrive at the conclusion that the system under consideration supports spatially localized states in the form of breather solitons, as self-trapped nonlinear modes splitting off from the corresponding edge of the dispersion curve. If such a breather exists, the initial excitation (12) will experience no substantial spreading, whereas it will spread out when the breather conditions are not satisfied.
Our extensive numerical simulations reveal that the armchair nanoribbons can support five types of localized nonlinear states. In fig. 2 we mark the regions near the dispersion curves of the edge modes where we observe numerically the localization of the vibrational energy in the form of solitary waves. At q = π, we find two stationary localized modes in the form of edge breathers with frequency ω = 102 (out-of-plane vibration) and 268 cm For the inverse width μ =0.05 and amplitude A =0.008Å, the initial localized vibrational state with 46001-p4 frequency ω = 102 cm −1 and q = π decays slowly, but this decay stops when the initial amplitude is increased to the value A =0.016Å, and it transforms into a localized breathing mode with frequency 103 cm −1 .W h e nw e increase the initial amplitude to the value A =0.032Å, we observe the generation of two breathers which interact nonlinearly.
Similarly, for the planar edge vibration with frequency ω = 268 cm −1 and q = π the initial localized state spreads when its amplitude is A =0.004Å, it gets self-trapped for A =0.008Å and generates a breather with frequency 267 cm −1 , and for A =0.016Å it creates two interacting breathers.
The energy distribution in these solitons is presented in figs. 4(a) and (b). Such solitons are localized in both the dimensions -transversally to the ribbon, due to the localization of the edge mode, and along the edge of the nanoribbon, due to nonlinearity-induced self-trapping effect. The frequency of the out-of-plane breather is 1 cm
higher than the frequency of the corresponding edge mode, and it grows with increasing breather amplitude. Similarly, the frequency of the in-plane breather is about 1 cm
lower than the frequency of the in-plane edge mode, this corresponds to a shift of the breather frequency inside the spectrum gap. Since the longitudinal localization is about two orders of magnitude weaker than the transversal localization, such solitons can move along the structure being weakly affected by the discreteness effects, as shown in fig. 5(a) .
Other three types of surface solitons are found inside the spectrum band 0 <q<π, so they are always moving along the nanoribbon edges and can be considered as envelope solitons, as shown in figs. 5(b)-(d). The first soliton exists near the point (q =0.4π, ω = 210 cm −1 ), and the second one, near the point (q =0.65π, ω =63cm −1 ), see the marked regions in fig. 2 . The third moving soliton is found in the vicinity of the point (q =0.9π, ω = 226 cm −1 ), and it corresponds to localized in-plane oscillations of the edge atoms.
As can be seen in fig. 5 , spatially localized vibrations can move along the edge of the nanoribbon with constant velocity without a substantial change of their shape. More importantly, we numerically study the collisions of such localized states and observe almost elastic interactions (see an example in fig. 6 ), in accord with the main properties of solitary waves. −1 (initial amplitudes A1 =0.01, A2 =0.015Å, inverse dimensionless width µ1 = µ2 = 0.05). Shown is the temporal evolution of the the kinetic energy En in two first-edge layers of atoms of the nanoribbon (k =1, 2, 3, 4).
Conclusion. -We have demonstrated, for the example of armchair nanoribbons, that finite-extent graphene structures can support a novel type of vibrational localized states in the form of breathing solitons. Such states appear through self-localization of the vibrational energy along the edge of the graphene nanoribbon, and they decay rapidly inside the structure. We have found numerically five types of surface solitary waves in the armchair nanoribbons. Two of them correspond to the stationary breathers associated with self-trapping of in-plane and out-of-plane edge vibrations of the nanoribbons. Other three types correspond to envelope solitons moving along the edges. * * *
